The aim of this paper is to classify cohomogeneity one isometric actions on the 4-dimensional Minkowski space R 3,1 , up to orbit equivalence. Representations, up to conjugacy, of the acting groups in O(3, 1) ⋉ R 3,1 are given in both cases, proper and non-proper actions. When the action is proper,
INTRODUCTION
An action of a Lie group G on a connected manifold M is called of cohomogeneity one, if the minimum codimension of the induced G-orbits in M is one. The concept of a cohomogeneity one action on a manifold M was introduced by P.S. Mostert in his 1956 paper [17] , wherein it is assumed that the acting group is compact. With this assumption, he determined the orbit space up to homeomorphism. More precisely, he proved that by the cohomogeneity one action of a compact Lie group G on a manifold M the orbit space M/G is homeomorphic to one of the spaces R, S 1 , [0, 1], or [0, 1).
For the general case, in [10] , B. Bergery showed that if M is a Riemannian manifold and G, a closed Lie subgroup of Iso(M ), acts isometrically and with cohomogeneity one on M , then the orbit space is one of the mentioned spaces. The key hypothesis was the closeness of the acting group in Iso(M ).
An action of a Lie group G on a manifold M is said to be proper if the mapping ϕ : G × M → M × M, (g, x) → (g.x, x) is proper. A result by D. Alekseevsky in [3] says that, the action of G on M is proper if and only if there is a complete G-invariant Riemannian metric on M such that G is closed in Iso(M ). This theorem provides a link between proper actions and Riemannian G-manifolds.
Cohomogeneity one Riemannian manifolds have been studied by many mathematicians (see, e.g., [4, 10, 13, 14, 15, 16, 17, 18, 20, 21, 22, 23] ). The common hypothesis in the theory is that the acting group is closed in the full isometry group of the Riemannian manifold and the action is isometric.
When the metric on M is indefinite, this assumption in general does not imply that the action is proper, so the study becomes much more complicated.
The most natural way to study a cohomogeneity one semi-Riemannian manifold M is to determine the acting group in Iso(M ), up to conjugacy, since the actions of two conjugate subgroups in Iso(M ) induce almost the same orbits in M . This has been done for space forms in some special cases (see [5, 6, 7, 8] ). This way is the one that we pursue in this paper.
Here, we assume that M is the simplest example of a relativistic spacetime, the 4-dimensional Minkowski space R 3,1 , and G is a connected Lie subgroup of Iso(R 3,1 ) which acts on R 3,1 isometrically and with cohomogeneity one. We give explicit representations of such groups in Iso(R 3,1 ) = O(3, 1) ⋉ R 3,1 , up to conjugacy. Then we determine those acting properly and nonproperly. When the action is proper, we specify the induced orbits and the orbit spaces.
PRELIMINARIES
Let G be a Lie group which acts on a connected smooth manifold M . The action is called of cohomogeneity one, if the minimum codimension among the induced G-orbits in M is one. For each point x in M , G(x) denotes the orbit of x, and G x is the stabilizer in G of x. The action is said to be proper if the mapping ϕ : G × M → M × M, (g, x) → (g.x, x) is proper. Equivalently, for any sequences x n in M and g n in G, g n x n → y and x n → x imply that g n has a convergent subsequence.
The G-action on M is nonproper if it is not proper. Equivalently, there are sequences g n in G and x n in M such that x n and g n x n converge in M and g n → ∞, i.e. g n leaves compact subsets. For instance, if G is compact, the action is obviously proper. The orbit space M/G of a proper action of G on M is Hausdorff, the orbits are closed submanifolds, and the stabilizers are compact (see [1] ).
The Minkowski 4-space R 3,1 is the 4-dimensional real vector space R 4 with the line element ds 2 = dx 2 1 +dx 2 2 +dx 2 3 −dx 2 4 . The orthogonal group O(3, 1) of the scalar product obtained of this line element is known as the Lorentz group and its elements are called Lorentz transformations of R 3,1 . The
The multiplication and inversion on Iso(R 3,1 ) is given by
) and the action of Iso(R 3,1 ) on R 3,1 is given by
The Lie algebra of Iso(R 3,1 ) is the semidirect sum so (3, 1) 
which yields the adjoint representation as follows
The Lie algebra of SO • (3, 1) is given by
Considering the Cartan involution θ(X) = −X t on so(3, 1) one gets the Cartan decomposition
The subspace
is a maximal abelian subspace of p, where (e 1 , e 2 , e 3 , e 4 ) is the standard orthonormal basis of R 3,1 .
Let
Then so(3, 1) = k ⊕ a ⊕ n is an Iwasawa decomposition of so(3, 1). We denote by K = SO(3), A and N the connected closed subgroups of SO • (3, 1) with Lie algebras k, a and n, respectively. We use the corresponding Iwasawa decomposition SO • (3, 1) = KAN throughout the paper.
GROUPS ACTING WITH COHOMOGENEITY ONE ON R 3,1
In this section we classify cohomogeneity one actions on the four dimensional Minkowski space R 3,1 up to orbit-equivalent. We first fix some notations. We define the light-like line ℓ ⊂ R 3,1 by ℓ = R(e 3 − e 4 ), the degenerate plane W 2 ⊂ R 3,1 by W 2 = Re 2 ⊕ ℓ and the degenerate hyperplane
As described in Section (2), we denote by SO • (3, 1) = KAN the Iwasawa decomposition of SO • (3, 1) and by so(3, 1) = k ⊕ a ⊕ n the Iwasawa decomposition of the Lie algebra so(3, 1). We define
where E ij is the 4 × 4 matrix whose (i, j)-entry is 1 and other entires are all 0. Then one gets that
n + y and Y 2 n + z is a basis for a subalgebra h ⊆ g, where u, v, w, x, y, z ∈ R 1,3 , then the following vectors should belong to h.
These imply that
For arbitrary p = (p 1 , p 2 , p 3 , p 4 ) t ∈ R 3,1 we have
Hence the relations in (4) imply that
which are key relations in determining the list of groups acting with cohomogeneity one on R 3,1 (see the proof of Theorem 3.4). The first step in classifying cohomogeneity one actions on R 3,1 is to determine Lie subgroups of SO • (3, 1) of each dimension, up to conjugacy. First we recall the following theorem from [11] . 
where λ and µ are fixed real numbers, and at least one of them is nonzero. • If L = Re 1 , then H ⊆ SO • (2, 1),
And any two dimensional space-like, Lorentzian or degenerate subspace of R 3,1 is conjugate under
Now the lemma is an immediate consequence of the above classification and the relations in (2) . 
Hence, Af f • (R) is isomorphic to R * + ⋉ R. This group acts on R transitively. Hence, the stabilizer of each point of R is conjugate to the stabilizer of the origin, which is R * + . We show that R * + ⋉ R has exactly two distinct 1-parameter subgroups, up to conjugacy, namely R *
. Now, suppose that λu = 0. Without losing generality assume that λ = 1. Then it can be easily seen that G −u = {(e t , (e t − 1)u) : t ∈ R} = exp(Rω). This shows that exp(Rω) is conjugate to R * + , within Af f • (R). Based on the above observation, any one dimensional Lie subgroup of AN 1 is conjugate to either A or N 1 , within SO • (3, 1). The conjugation matrix, as an isometry, preserves Re 2 . A similar fact remains true for AN 2 . Since N is isomorphic to the additive Lie group R 2 , any one parameter subgroup of N is conjugate to N 1 . In this case, the conjugation matrix comes from K 1 . Therefore, using relations in (2) shows that any two dimensional Lie subgroup of SO • (3, 1) is conjugate to one of the subgroups AN 1 , K 1 A or N. Then the action of H is orbit-equivalent to the action of one of the following groups in Tables 1-4. Proof. Let π 1 : so(3, 1) ⊕ ϕ R 3,1 −→ so(3, 1) denote the projection map on the first factor, which is a Lie algebra homomorphism and so π 1 (h) is a subalgebra of so(3, 1), where h is the Lie algebra Subgroups with a hyperplane as the translation part 
Subgroups with a line as the translation part (1) . We mean by the normalizer of h ∩ R 3,1 in so (3, 1) the Lie subalgebra of so(3, 1) preserving h ∩ R 3,1 . We consider the proof according to the dimension of h ∩ R 3,1 .
Subgroups with trivial translation part
Case I. dim(h ∩ R 3,1 ) = 0. The groups obtained in this case fill Table 1 . Since dim(h ∩ R 3,1 ) = 0, we must have dim(π 1 (h)) ≥ 3. By Lemma 3.2, π 1 (h) can be one of the following Lie subalgebras
where λ and µ are fixed real numbers. The subgroups SO • (2, 1) = exp(so(2, 1)) and SO(3) = exp(so (3)), from this list, do not act with cohomogeneity one obviously. We claim that if π 1 (h) is conjugate to one of the remaining cases of the list, then h does.
• Let π 1 (h) = so(3, 1), up to conjugacy. Then there exist u, v, w, x, y, z ∈ R 3,1 such that
Hence u, v, w, x, y and z should satisfy the relations in (5) .
and Y 2 n , respectively. Hence Ad((I 4 , p))(h) = so (3, 1) . Therefore the action of H is orbitequivalent to the action of SO • (3, 1).
. By using the relations in (3) and (4) one gets that
Therefore the action of H is orbit-equivalent to the action of K 1 AN .
• Let π 1 (h) = R(λY 1 k + µY a ) ⊕ n, where λ and µ are fixed real numbers. So h = R(λY 1 k + µY a +x)+R(Y 1 n +y)+R(Y 2 n +z), for some x, y, z ∈ R 3,1 . First assume that λµ = 0. The relations in (3) and (4) imply that x = (x 1 ,
Then Ad((I 4 , p)) maps λY 1 k + µY a + x, Y 1 n + y and Y 2 n + z to λY 1 k + µY a , Y 1 n and Y 2 n , respectively. Hence Ad((I 4 , p))(h) = R(λY 1 k + µY a ) ⊕ n. Therefore the action of H is orbit-equivalent to the action of exp(R(λY 1 k + µY a ))N . Now assume that λ = 0, and so µ = 0. Then h = R(Y a + x) + R(Y 1 n + y) + R(Y 2 n + z). The relations in (3) and (4) show that x = (0, 0,
n and Y 2 n , respectively. Hence Ad((I 4 , p))(h) = a ⊕ n. Therefore the action of H is orbit-equivalent to the action of AN .
The case that µ = 0 and λ = 0 is excluded automatically, since the action of K 1 N is not of cohomogeneity one. (See [9] ). or ℓ, respectively. We can therefore assume that h∩R 3,1 is equal to one of these three one-dimensional subspaces.
Case II-1. h ∩ R 3,1 = Re 1 . The normalizer of Re 1 in so(3, 1) = k ⊕ a ⊕ n is equal to k 3 ⊕ a ⊕ n 2 , which implies that π 1 (h) ⊆ k 3 ⊕ a ⊕ n 2 .
. By using the relations in (3) and (4) we have
n , respectively. Hence Ad((I 4 , p))(h) = RY 3 k + RY a + RY 2 n ⊕ Re 1 . Thus the action of H is orbitequivalent to the action of SO • (2, 1)×Re 1 , and the action of this group is obviously of cohomogeneity one.
If π 1 (h) k 3 ⊕ a ⊕ n 2 = so(2, 1), (we remind that dim π 1 (h) 2), then a well-known fact about two dimensional subgroups of SO • (2, 1) says that exp(π 1 (h)) is conjugate to AN 2 . Hence
The relations in (3) and (4) 
Hence the relations in (3) and (4) show that u = (u 1 , u 2 , 0, 0) t , v = (v 1 , 0, u 2 , 0) t and w = (0, v 1 , −u 1 , 0) t . Case II-3. Assume that h ∩ R 3,1 = ℓ. The normalizer of ℓ in so(3, 1) = k ⊕ a ⊕ n is equal to
We claim that the case π 1 (h) = k 1 ⊕ a ⊕ n does not imply cohomogeneity one action. If π 1 (h) =
n + x) + ℓ and so the same argument of that of the second item of Case I shows that the action of H is orbit equivalent to the action of K 1 AN ⋉ ℓ. We claim that the action of this group is not of cohomogeneity one. Let q = (q 1 , q 2 , q 3 , q 4 ) t ∈ R 3,1 . If q 3 + q 4 = 0, then dim H(q) = 4, if q 3 + q 4 = 0 and q is not the origin, then dim H(q) = 2 and if q is the origin dim H(q) = 1. Hence H does not act with cohomogeneity one on R 3,1 . Thus the case h ∩ R 3,1 = ℓ, where π 1 (h) = k 1 ⊕ a ⊕ n, is excluded. Therefore, π 1 (h) k 1 ⊕ a ⊕ n, and so dim π 1 (h) ∈ {2, 3}.
Subcase II-3-a. Let dim(π 1 (h)) = 2. Considering Remark 3.3, h as a vector space can be one of the following subspaces:
In case (i), the relations in (3) and (4) 
and Y a , respectively. Hence Ad((I 4 , p))(h) = k 1 ⊕ a ⊕ ℓ. Therefore the action of H is orbit-equivalent to the action of
dim H(q) = 3 and so H acts with cohomogeneity one on R 3,1 .
In case (ii), by using the relations in (3) and (4) 
where λ is a fixed real number. Thus the action of H is orbit-equivalent to the action of exp(R(Y a + λe 2 ))N 1 ⋉ ℓ. For any point q = (q 1 , q 2 , q 3 , q 4 ) t ∈ R 3,1 , where q 3 + q 4 = 0, dim H(q) = 3 and so H acts with cohomogeneity one on R 3,1 .
In case (iii), the relations in (3) and (4) 
respectively. Let p = (u 3 , v 3 , −u 1 , 0) t . Then Ad((I 4 , p)) maps (Y 1 n + u) and Y 2 n + v to Y 1 n + u 2 e 2 and Y 2 n + u 2 e 1 + (v 2 − u 1 )e 2 , respectively. Hence Ad((I 4 , p))(h) = R(Y 1 n + λe 2 ) + R(Y 2 n + λe 1 + µe 2 ) ⊕ ℓ, where λ and µ are fixed real numbers.Thus the action of H is orbit-equivalent to the action of exp(R(Y 1 n + λe 2 ) + R(Y 2 n + λe 1 + µe 2 )) ⋉ ℓ. Let q = (q 1 , q 2 , q 3 , q 4 ) t be an arbitrary point of R 3,1 . If λ = 0, then for q 3 + q 4 = 0, we have dim H(q) = 3 and if λ = 0, then for q 3 + q 4 = −µ, we get dim H(q) = 3. Thus H acts with cohomogeneity one on R 3,1 .
Subcase II-3-b. Let dim(π 1 (h)) = 3. By Lemma 3.2, any three dimensional Lie subalgebra of k 1 ⊕ a ⊕ n is of the form R(λY 1 k + µY a ) ⊕ n. Hence h, as a vector space, is of the form h = R(aY 1
and at least one of a or b is not zero.
The relations in (2) show that [Y 1 n , aY 1 k + bY a ] = aY 2 n + bY 1 n , and so there are fixed real numbers a 1 , a 2 and a 3 such that aY 2 n + bY 1 n = a 1 Y 1 n + a 2 Y 2 n + a 3 (aY 1 k + bY a ), which implies that a 1 = b, a 2 = a, a 3 a = 0 and a 3 b = 0.
• If ab = 0, then h = R(Y 1 n +u)+R(Y 2 n +v)+R(aY 1 k +bY a +w)⊕ℓ. The relations in (3) and (4) 
Let p = (u 3 , v 3 , −u 1 , 0) t . Then Ad((I 4 , p)) maps Y 1 n + u, Y 2 n + v and aY 1 k + bY a + w to Y 1 n + u 2 e 2 , Y 2 n + u 2 e 1 and aY 1 k + bY a + w 3 (e 3 − e 4 ), respectively. Hence Ad((I 4 , p))(h) = R(Y 1 n + λe 2 ) + R(Y 2 n + λe 1 ) + R(aY 1 k + bY a + µ(e 3 − e 4 )) ⊕ ℓ, where λ and µ are fixed real numbers. Thus the action of H is orbit-equivalent to the action of exp(R(Y 1 n + λe 2 ) + R(Y 2 n + λe 1 ) + R(aY 1 k + bY a + µ(e 3 − e 4 ))) ⋉ ℓ and its action is orbit-equivalent to the action of exp(R(Y 1 n + λe 2 ) + R(Y 2 n + λe 1 ) + R(aY 1 k + bY a )) ⋉ ℓ. For any point q ∈ R 3,1 , where q 3 + q 4 = ±λ, we have dim(H(p)) = 3 and so H acts with cohomogeneity one on R 3,1 .
• If a = 0, then we may assume that b = 1, and so h = R(Y 1 n +u)+R(Y 2 n +v)+R(Y a +w)⊕ℓ. Hence by using the third part of the second item of Case I one gets that h is conjugate to a ⊕ n ⊕ ℓ. Thus the action of H is orbit-equivalent to the action of AN ⋉ ℓ. We claim that the action of this group is not of cohomogeneity one. Let q = (q 1 , q 2 , q 3 , q 4 ) t ∈ R 3,1 . If q 3 + q 4 = 0, then dim H(q) = 4, if q 3 + q 4 = 0, then dim H(q) = 1. Thus H does not act with cohomogeneity one on R 3,1 . Therefore, the case that a = 0 is excluded.
• If b = 0, then we may assume that a = 1, and so without lossing the generality h =
By using the relations in (3) and (4) one
where λ is a fixed real number. Thus the action of H is orbit-equivalent to the action of K 1 N ⋉ ℓ.
For any point q = (q 1 , q 2 , q 3 , q 4 ) t ∈ R 3,1 , where q 3 + q 4 = 0, dim H(q) = 3 and so H acts with cohomogeneity one on R 3,1 .
Case III. dim(h ∩ R 3,1 ) = 2. Every two-dimensional space-like, time-like or light-like subspace of R 3,1 is conjugate under O(3, 1) to Re 1 ⊕ Re 2 , Re 3 ⊕ Re 4 or Re 2 ⊕ ℓ, respectively. We can therefore assume that h ∩ R 3,1 is equal to one of these three two-dimensional subspaces.
Case III-1. h ∩ R 3,1 = Re 1 ⊕ Re 2 . The normalizer of Re 1 ⊕ Re 2 in so(3, 1) = k ⊕ a ⊕ n is equal to a, which implies that π 1 (h) ⊆ a. Hence h is of the form R(Y a + u) ⊕ (Re 1 ⊕ Re 2 ), where u ∈ R 3,1 . Let p = (0, 0, −u 4 , −u 3 ) t , then Ad((I 4 , p)) maps Y a + u to Y a + u 1 e 1 + u 2 e 2 . Hence Ad((I 4 , p))(h) = R(Y a + λe 1 + µe 2 )) ⊕ (Re 1 ⊕ Re 2 ), where λ and µ are fixed real numbers. Thus the action of H is orbit-equivalent to the action of exp(R(Y a + λe 1 + µe 2 )) ⋉ (Re 1 ⊕ Re 2 ), and its action is orbit-equivalent to the action of SO • (1, 1) × R 2 . The action of this group is clearly with cohomogeneity one.
, where λ and µ are fixed real numbers. Thus the action of H is orbit-equivalent to the action of exp(R(Y 1 k + λe 3 + µe 4 )) ⋉ (Re 3 ⊕ Re 4 ), and its action is orbit-equivalent to the action of SO(2) × R 1,1 . Obviously, the action of this group on R 3,1 is of cohomogeneity one.
Case III-3. h ∩ R 3,1 = Re 2 ⊕ ℓ. The normalizer of Re 2 ⊕ ℓ in so(3, 1) = k ⊕ a ⊕ n is equal to a ⊕ n 1 , which implies that π 1 (h) ⊆ a ⊕ n 1 .
We claim that the case π 1 (h) = a ⊕ n 1 does not lead to a cohomogeneity one action of H on Then Ad((I 4 , p) ) maps Y a + u and Y 1 n + v to Y a + u 2 e 2 and Y 1 n , respectively. Hence Ad((I 4 , p))(h) = R(Y a + λe 2 ) + RY 1 n ⊕ (Re 2 ⊕ ℓ), where λ is a fixed real number. Hence the action of H is orbit-equivalent to the action of exp(R(Y a + λe 2 ) + RY 1 n ) ⋉ W 2 , which its action is orbit-equivalent to the action of AN 1 ⋉ W 2 . We show that the action of this group on R 3,1 is not of cohomogeneity one. Let q = (q 1 , q 2 , q 3 , q 4 ) t be an arbitrary point of R 3,1 . If q 3 + q 4 = 0, then dim H(q) = 4, and if p 3 + p 4 = 0, then dim H(q) = 2. Thus H does not act with cohomogeneity one on R 3,1 , and so the case h ∩ R 3,1 = Re 2 ⊕ ℓ, with π 1 (h) = a ⊕ n 1 , is excluded.
If π 1 (h) a ⊕ n 1 , then h is of the form R(aY a + bY 1 n + u) ⊕ (Re 2 ⊕ ℓ), where a, b ∈ R, u ∈ R 3,1 and at least one of a or b is not zero.
. Therefore from Remark 3.3 there exist (J, p 0 ) ∈ Iso(R 3,1 ), preserving W 2 , such that Ad((J, p 0 )) maps Y a + b a Y 1 n + u to Y a + u ′ , and we also denote u ′ by u. let p = (0, 0, −u 4 , −u 3 ) t . Then Ad((I 4 , p)) maps Y a + u to Y a + u 1 e 1 + u 2 e 2 . Hence Ad((I 4 , p))(h) = R(Y a + λe 1 + µe 2 ) ⊕ W 2 , where λ and µ are fixed real numbers. Thus the action of H is orbit-equivalent to the action of exp(R(Y a +λe 1 ))⋉W 2 .
For any point q = (q 1 , q 2 , q 3 , q 4 ) t ∈ R 3,1 , where, q 3 + q 4 = 0, we have dim H(q) = 3 and so H acts with cohomogeneity one on R 3,1 .
• If a = 0, then we may assume that b = 1, and so h = R(Y 1 n + u) ⊕ (Re 2 ⊕ ℓ). Let p = (u 3 , 0, −u 1 , 0) t . Then Ad((I 4 , p)) maps Y 1 n + u to Y 1 n + u 2 e 2 + (u 3 + u 4 )e 4 . Hence Ad((I 4 , p))(h) = R(Y 1 n + µe 2 + λe 4 ) ⊕ (Re 2 ⊕ ℓ), where λ and µ are fixed real numbers. Hence the action of H is orbit-equivalent to the action of exp(R(Y 1 n +λe 4 ))⋉W 2 . This group acts with cohomogeneity one on R 3,1 , since we have dim H(q) = 3 for any point q ∈ R 3,1 , where q 3 + q 4 = 0.
Case IV: dim(h ∩ R 3,1 ) = 3. Every three-dimensional Riemannian, Lorentzian and degenerate subspace of R 3,1 is conjugate under O(3, 1) to R 3 , R 2,1 and W 3 , respectively. For dimension reasons it follows that the action of H is orbit-equivalent to the action of one of the three translation subgroups R 3 , R 2,1 or W 3 .
PROPER AND NONPROPER ACTIONS
In this section we determine the proper and nonproper cohomogeneity one actions on R 3,1 , which induced by the Lie subgroups listed in Tables 1-4 . 
Proof. We prove that the action of any of the mentioned Lie groups is nonproper, then the proof will be a consequence of Theorem 3.4 and the proof of 
Let α be a root of the equation x 2 +µx−λ 2 = 0. Consider the real sequences {t n = (α+µ)n}, {s n = −λn} and {v n = t 2 n +s 2 n 2 α}. Let {X n = (x n , y n , z n , w n ) t } = (0, 0, α, 0) t be a fixed sequence in R 3,1 . Then the sequence {g n = (C tn,sn , c tn,sn,vn )} in H has no convergent subsequence, while the two sequences {g n .X n } and {X n } are convergent. in H, and {X n = (x n , y n , z n , v n ) t } a sequence in R 3,1 . Let g n .X n → Y and X n → X, when n → +∞. If Y = (y 1 , y 2 , y 3 , y 4 ) t and X = (x 1 , x 2 , x 3 , x 4 ) t , then s n → y 2 − x 2 and t n → β, where
Now for case (e), by a simple computation one gets that any element of H is of the form (C t , c t,s,w ) ∈ SO • (3, 1) ⋉ R 3,1 where t, s, w ∈ R and
Let {t n }, {s n } and {w n } be three real sequences, {g n = (C tn , c tn,sn,wn )} a sequence in H, and {X n = (x n , y n , z n , v n ) t } a sequence in R 3,1 . Let g n .X n → Y and X n → X, when n → +∞. If Y = (y 1 , y 2 , y 3 , y 4 ) t and X = (
2 ). Thus the action of exp(R(Y 1 n + µe 4 )) ⋉ W 2 , where µ = 0, is proper. A fundamental feature of proper actions is the existence of slice (see [19] ), which enables one to define a partial ordering on the set of orbit types. The partial ordering on the set of orbit types is defined by, We start by discussing cohomogeneity one proper actions on R 3,1 . For H ⊂ Iso(R 3,1 ) we denote by F H the collection of orbits of the action of H on R 3,1 . By Theorem 4.2 we know the list of connected subgroups of Iso(R 3,1 ) acting with cohomogeneity one. Hence we have four types of groups. 
ORBITS AND ORBIT SPACES OF PROPER
Every orbit is principal and the orbit space is diffeomorphic to R. Type (II): H = SO(2) × R 1,1 . Then F H is invariant under the two-dimensional translation group R 1,1 .
The action of SO(2) leaves the foliation F R 2 invariant and on each leaf te 3 + se 4 + R 3 ∈ F R 2 the orbits consist of the single point{te 3 + se 4 }, where t, s ∈ R and te 3 + se 4 + S 1 (r), where r ∈ R + .
Thus the set of the induced orbits of H consists of the plane R 1,1 and the pseudo-hyperbolic cylinders S 1 (r) × R 1,1 , where r ∈ R + :
The orbit of the origin is the unique singular orbit congruent to R 1,1 . The orbit space is homeomorphic to [0, ∞). Let p = (p 1 , p 2 , p 3 , p 4 ) t be an arbitrary point of R 3,1 . The Lie group exp(R(Y a )) leaves W 2 invariant, so if p 3 = p 4 , then H(p) = W 3 . If p 3 = p 4 , then H(p) is a Lorentzian generalized cylinder diffeomorphic to R 3 . Every orbit is a principal orbit diffeomorphic to R 3 . The orbit space is R.
Type (V ): H = exp(R(Y 1 n + µe 4 )) ⋉ W 2 , where µ is a fixed nonzero real number. Let p = (p 1 , p 2 , p 3 , p 4 ) t be an arbitrary point of R 3,1 . The set {Y 1 n + µe 4 , e 2 , e 3 − e 4 } is a basis for the Lie algebra g. So the tangent space T p H(p) contains the lightlike direction ℓ. Hence H(p) is not spacelike. On the other hand d dt | t=0 (exp(t(Y 1 n + µ).p)) = µ 2 t 2 + (p 3 + p 4 ) 2 − 2p 1 µ − µ 2 .
Hence, if (p 3 + p 4 ) 2 − 2p 1 µ − µ 2 < 0 (resp. 0) then H(p) is a Lorentzian (resp. a degenerate)
hypersurface. Each orbit is a principal orbit diffeomorphic to R 3 and the orbit space is R.
Remark 5.1. Let H be a closed and connected Lie subgroup of the isometry group of the Euclidean space E n which acts on E n with cohomogeneity one. Then, by Theorem 3.1 of [16] , its action is orbit equivalent to the action of SO(k) × R n−k , where 1 k n, which is similar to that of one of the types (I) to (III). However, types (IV) and (V) clarifies the differences between cohomogeneity one actions on E 4 and R 3,1 , when the action is proper.
The following proposition is an immediate consequence of this section. As an immediate consequence of Proposition 5.2, one gets that if there exists a space-like orbit, then every orbit is a space-like hyperplane congruent to R 3 . This result is true in the general case, for proper actions on R n,1 , and it has been proved in [6] . In the three dimensional case, proper actions on R 2,1 , it is proved that if there is two degenerate orbits then the orbits are parallel degenerate hyperplanes (see [8] ). However, the proper action of exp(R(Y 1 n + µe 4 )) ⋉ W 2 on R 3,1 , type (V) above, shows that the similar result is not hold for proper actions on R 3,1 .
